Radiation from accelerated black holes in an anti— de Sitter universe 
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We study gravitational and electromagnetic radiation generated by uniformly accelerated charged 
black holes in anti-de Sitter spacetime. This is described by the C-metric exact solution of the 
Einstein-Maxwell equations with a negative cosmological constant A. We explicitly find and interpret 
the pattern of radiation that characterizes the dependence of the fields on a null direction from which 
the (timelike) conformal infinity is approached. This directional pattern exhibits specific properties 
which are more complicated if compared with recent analogous results obtained for asymptotic 
behavior of fields near a de Sitter-like infinity. In particular, for large acceleration the anti-de Sitter- 
like infinity is divided by Killing horizons into several distinct domains with a different structure of 
principal null directions, in which the patterns of radiation differ. 
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I. INTRODUCTION 

In the context of exact solutions of Einstein's field 
equations, gravitational radiation has been studied for 
decades. In particular, various techniques have been de- 
veloped to rigorously characterize asymptotic properties 
of the gravitational field, i.e., the geometry of spacetime 
at "large distance" from bounded sources. 

In the fundamental work P| gravitational waves emit- 
ted by axisymmetric systems were analyzed by consider- 
ing an expansion of metric functions in inverse powers of 
an appropriate "radial" coordinate r parametrizing out- 
going null geodesies. In particular, the news function was 
defined that characterizes radiation, and which is related 
to a decreasing (Bondi) mass of the source. General- 
izations and refinement of this method, with a deeper 
understanding of its relation to the Petrov types (such 
as the peeling-off behavior of the Weyl tensor Vwere sub- 
sequently achieved in 0,1111110, see, e.g., 0,i,i,[l3 
for reviews. Nevertheless, in these works the analysis of 
radiative fields remained confined to asymptotically flat 
spacetimes thus ruling out, for instance, the presence of 
a nonvanishing cosmological constant A. In addition, it 
was based on the use of privileged coordinate systems. 

It was Penrose |0 0, , see 0| for a comprehen- 
sive overview, who introduced a covariant approach to 
the definition of radiation for massless fields, which is 
based on the conformal treatment of infinity (a com- 
parison of the Bondi-Sachs and Penrose approaches was 
recently presented in |15|). This enables one to apply 
methods of local differential geometry "at infinity" , and 
thus to define in a rigorous geometric way such basic con- 
cepts as the Bondi mass, the peeling-off property, and the 
Bondi-Metzner-Sachs group of asymptotic symmetries. 
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In particular, gravitational radiation propagating along 
a given null geodesic is described by the ^4 component 
of the Weyl tensor projected on a parallelly transported 
complex null tetrad at infinity. The crucial point is that 
such a tetrad is (essentially) determined uniquely by the 
conformal geometry ^1|. Moreover, an advantage of the 
Penrose method is that it can be naturally applied also to 
asymptotically sim ple spac etimes which include the cos- 
mological constant jl2l ll.'i Il4| . This is quite remarkable 
since there is no analogue of the news function in the 
presence of A 0, ■ 

However, specific new features appear in the case of 
asymptotically de Sitter (A > 0) or anti-de Sitter (A < 0) 
spacetimes, for which the conformal infinity X is, respec- 
tively, spacelike or timelike [11 E El Eg . First of all, 
the concept of radiation for a massless field is "less in- 
variant" in cases when X is not null. Namely, it emerges 
as necessarily direction dependent since the choice of the 
above-mentioned null tetrad, and thus the radiative com- 
ponent of the field, turns out to be different for differ- 
ent null geodesies reaching the same point on X. This is 
related to the fact that with nonvanishing A even fields 
of nonaccelerated sources are radiative along a generic 
direction, as it has been shown for test charges Ell or 
for Reissner-Nordstrom black holes in a de Sitter 
universe, and it will be shown here for a negative A 
(Sec. IV Cll . In addition, the character of infinity plays 
a crucial role in the formulation of the initial value prob- 
lem. A spacelike I implies the insufficiency of purely 
retarded massless fields so that, for example, in de Sitter 
space purely retarded solutions of the Maxwell equations 
are impossible for generic charge distributions 21]. On 
the other hand, it is wellknown that a timelike X prevents 
the existence of a Cauchy surface, and one is necessarily 
led to a kind of "mixed initial value boundary problem" , 
see, e.g., 22, 23, 24]. For all the above reasons, the defi- 
nition of radiation is much less obvious when A ^ 0. 

Any explicit exact example of a source which gener- 
ates gravitational waves in an (anti-)de Sitter universe is 
thus of paramount importance since this may provide us 
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with insight into the character of radiation in spacetimes 
which are not asymptotically flat. Exact solutions with 
boost-rotation symmetry [sSISalSS! which represent ra- 
diative spacetimes with uniformly accelerating sources, 
play a unique role when A = 0. Among these the C- 
metric, which describes accelerated black holes, admits 
a natural generalization to a nonvanishing value of the 
cosmological constant, and it will thus be considered in 
the present paper. 

The C-metric [H HI IsO, is a classic solution of 
the Einstein(-Maxwell) equations which has been phys- 
ically interpreted and analyzed in fundamental papers 
and in many other works, see e.g. 
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|25l 1271 1361 1371 38] for references and summary of the re- 
sults. A generalization of the standard C-metric to admit 
a nonvanishin g va lue of A has also been known for a long 
time [S^, cf. ]40l. l4l| (also, related solutions have been 
obtained by considering extremal limits of the C-metric 
with an arbitrary A |42|'). These spacetimes have found 
successful application to the problem of cosmological pair 
creation of black holes [43l lil . l45^. . However, a deeper 
understanding of their physical and global properties, in- 
cluding the character of radiation, has been missing until 
recently. The interpretation of the C-metric solutions 
with A > 0, in particular the meaning of parameters in 
the metric and the relation to the "background" de Sitter 
universe, was clarified in |47| by introducing an appropri- 
ate coordinate system adapted to uniformly accelerated 
observers. The causal structure was further studied in 
psj l for various choices of the physical parameters. Very 
recently [23|, we have carefully analyzed the C-metric 
with A > and, among other results, we have demon- 
strated that gravitational and electromagnetic fields of 
this exact solution exhibit asymptotically a specific di- 
rectional pattern of radiation at X. Interestingly, this 
directional dependence of fields on null directions from 
which the conformal infinity is approached is the same 
as for the test fields of uniformly accelerated charges in 
a de Sitter universe [l9l |. 

In the present work we wish to investigate an analo- 
gous asymptotic behavior of fields of the C-metric with 
A < 0, i.e., the directional dependence at conformal in- 
finity X of radiation generated by uniformly acceler- 
ated (possibly charged) black holes in an anti-de Sit- 
ter universe. Some fundamental differences from the 
cases A > appear since X now has a timelike charac- 
ter. In fact, the whole structure of the "anti-de Sitter 
C-metric" is much more complex and new peculiar phe- 
nomena thus occur. As observed in and thoroughly 
studied in the recent work 38] , for a small value of accel- 
eration, A < -^Z— A/3, the metric describes a single uni- 
formly accelerated black hole in an anti-de Sitter uni- 
verse ;50| whereas for A > ^J—K/'i this represents a pair 
of acce lerated black holes. The "limiting case"_given by 
A = \/— A/3, previously investigated in [sj , plays 
a special important role in the context of the Randall- 
Sundrum model since it describes a black hole bound to 
a two-brane in four dimensions. However, this case is not 



investigated in the present work. 

Our paper is organized as follows. First, in Sec. ITTlwe 
present the C-metric solution with a negative cosmolog- 
ical constant, in particular the Robinson- Trautman co- 
ordinates which will be used in the subsequent analysis. 
Basic properties of the solution are also summarized, in- 
cluding a description of the global structure. Secs. lIIlUVl 
contain the core of our analysis. First we define a suit- 
able interpretation tetrad parallelly transported along 
null geodesies approaching asymptotically a given point 
on conformal infinity T from all possible spacetime di- 
rections. The magnitude of the leading terms of gravi- 
tational and electromagnetic fields in such a tetrad then 
provides us with a specific directional pattern of radia- 
tion. Convenient parametrizations of null directions ap- 
proaching I are introduced in Sec. IIVI and the results 
are subsequently described and analyzed in Sec.0 This 
is done for both the cases of a single black hole and a 
pair of black holes accelerating in an anti-de Sitter uni- 
verse (and for vanishing acceleration). The paper also 
contains two appendixes. In Appendix^the behavior of 
radiation along special null directions is studied. In par- 
ticular, for geodesies along principal null directions the 
results are obtained in closed explicit form without per- 
forming asymptotic expansions of the physical quantities 
near X. Appendix iBlsummarizes the Lorentz transforma- 
tions of the null-tetrad components of the gravitational 
and electromagnetic fields. 



II. THE C-METRIC WITH A NEGATIVE 
COSMOLOGICAL CONSTANT 

The C-metric with a cosmological constant A < 0, con- 
tained in the family of solutions '39l], can be written as 



(2.1) 

where F and C are, respectively, polynomials of y and a;, 

F = —^-\ + V^ -2mAy^ + e^A^y'^ , , , 
3^2 ^ ^ ' (2.2) 

G = 1 - - ImAr" - e^A^ . 

These functions are mutually related by 

-A 



F = -Q(2;) 



3^2 



G = Q(-a:) , (2.3) 



where Ql(w) = 1 — uj^ + 2 mA — e^A? w'^ . The metric 
(|2.1() is a solution of the Einstein-Maxwell equations with 
a non-null electromagnetic field given by 



F = e dy A di 



(2.4) 



or related expressions which can be obtained by a con- 
stant duality rotation. There exist two double-degenerate 
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principal null directions (PNDs) 



we put the C-metric (|2.1ll into the form-'^ 



ki cx c?t - Fdy , k2 oc 9f + Fdn 



(2.5) 



so that the spacetime is of the Petrov type D. It admits 
two Killing vectors dp 9 ^, a nd one conformal Killing 
tensor Q (cf. Refs. 0013), 



Q = 



1 



Fdt^ --dy^ 



1 

g' 



(2.6) 

The metric (|2.1|l can describe different spacetimes, de- 
pending on the choice of parameters and of ranges of 
coordinates. We are interested in the physically most 
relevant case when the metric describes one black hole 
or pairs of black holes uniformly accelerated in anti- 
de Sitter universe. In this case the constants A, m, e, 
and C, such that ip e (— vrC, ttC), characterize acceler- 
ation, mass, charge of the black holes, and conicity of 
the if symmetry axis, respectively. They have to sat- 
isfy m > 0, < m^. A, C > 0, and they have to 
be such that the function G has four real roots in the 
charged case (e, m ^ 0) or three real roots in the un- 
charged case (e = 0, m ^ 0). The coordinates x, y have 
to satisfy y > —x and x G [a:f,a;b], where < < Xb 
are two roots of G, namely those closest to zero (see 
[23, m,^, 50] for details and discussion of other cases, 
cf. also Figs, n^d) and 13 below) . From these conditions 
we obtain < G < 1, and m + 2e^Ax > 0. The 
spacetime (|2.1f) reduces to the anti-de Sitter universe for 
m = 0, e = 0. 

The coordinates x and ip are longitudinal and latitu- 
dinal angular coordinates, Xf denotes the axis of (p sym- 
metry extending from the "forward" pole of the black 
hole (in the direction of acceleration) to infinity, whereas 
Xh denotes the axis from the opposite "backward" pole. 
For nonvanishing acceleration the axis cannot be regular 
everywhere — at least one part of it has to have a non- 
trivial conicity, depending on the choice of the parameter 
G. This corresponds to the presence of cosmic strings (or 
struts) which are responsible for the acceleration of the 
black holes, see the references above for more details. 

The spacetime metric (|2.1|) can be put into various 
forms. In this paper we concentrate on investigation of 
radiation near infinity, for which the Robinson- Trautman 
form seems to be a convenient one. Introducing real co- 
ordinates r, u and complex coordinates C, C by 



Ar ^ (x + y) ^ 

dt , 
dx 



Adu=^ 
F 



dy 

F 

^(dC-dC)=d^ 



(2.7) 



g = — dCvdC 
The metric functions are 



P 

or explicitly 

H = - 



= G 



dr 



H = A^r^{F + G) 



Hdu^ 



A 



-2r(lnP),„ + AlnP 



2. 

— vm 

r 



(2.E 



(2.9) 



(2.10) 



■2e^Ax) + — 



with A = 2P^di^d^, where x is expressed using the rela- 
tion 



dx 
G{xj 



= A^-^(C + C) 



(2.11) 



The functions (j2.9(l . H2.10|l represent a particular case, 
corresponding to the G-metric, of the standard general 
expression for the Robinson- Trautman spacetimes |3ll |. 
As opposed to the metric form (|2.1I) . the Robinson- 
Trautman coordinates allow an explicit limit A = 0. The 
coordinates are not defined globally but it is possible to 
cover the whole universe by many coordinate patches of 
the same type. Therefore, it is sufficient to study the 
spacetime only in just one Robinson- Trautman coordi- 
nate map; such a patch is indicated by a shaded domain 
in Figs. EHHl We additionally assume there that the co- 
ordinate u is increasing from the past to the future. 

The global causal structure of the G-metric with A < 
has recently been analyzed in js^ . In particular, the 
character of infinity, singularities, and possible horizons 
has been described in detail. 

Infinity X of the spacetime is given by 



r = 00 , or equivalently a; -f y = , 
where the conformal factor 

O = i = A{x + y) 
r 

vanishes. The conformal (unphysical) metric g 
g = dC V dC -I- du V df7 - H VL^dv?- . 



(2.12) 
(2.13) 

(2.14) 



is regular at infinity, given by 17 = 0. Moreover, it follows 
from Eq. H2.10|l that at X the metric function reads 



A 
3" 



(2.15) 



^ The symmetric product v of two 1-forms is defined as a v b 
a b -I- b a. 
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i.e.. it is independent of the parameters m, e, and A. 
The vector Hp = —{Hil^dn + d^) is orthogonal to each 
hypersurface O = constant. In particular, it is outgoing 
and normal to infinity X at any of its point, with the 
norm g(np,np) = Hil^ ~ —j > 0. The universe is thus 
weakly asymptotically anti-de Sitter |l6| , at least locally, 
with the conformal infinity X having a timelike character 
(in general, it is not asymptotically anti-de Sitter accord- 
ing to the definition based on the "reflective boundary 
condition" [SlIlllllEl: the (2 + I)-metric induced on 
X by g is not conformally flat since the associated Bach 
tensor is nonvanishing) . Throughout the paper, however, 
it will be more convenient to employ the spacelike out- 
ward vector n = Hp/ \/H orthogonal to I, 

n=VHdr-^du, (2.16) 
V H 

which has a unit norm n • n = ^(n, n) 1 with respect 
to the physical metric. 

At r = the metric has unbounded curvature which 
corresponds to a physical singularity hidden behind the 
black hole horizon. Similarly to the C-metric with van- 
ishing A jsl H HI m Ha 113 or the C-metric with 
A > |2Ctl47l , the zeros of the function F correspond 
to Killing horizons associated with dt ■ Interestingly, un- 
like in the A > case, the anti-de Sitter C-metric de- 
scribes eith er a s ingle uniformly accelerated black hole 
(for A < ), or a pair of uniformly accelerated 

black holes (when A > ^-A/3 ). 



A. A single accelerated black hole 

Indeed, as described in [s^H^I, when the acceleration 
parameter A is small, namely A < -^Z— A/3, and to 7^ 0, 
the metric (|2.1f) . H2.2|l describes a single uniformly ac- 
celerated black hole. The condition of small acceleration 
guarantees that the function F has only two zeros yo, j/i 
in the charged case, or only one zero yo for the uncharged 
black hole. These zeros define outer and, if applicable, 
inner horizons of the black hole. The relevant ranges of 
coordinates x, y representing the spacetime outside the 
black hole are depicted in Fig. Q^d). 

In |38l | the causal structure of this spacetime was repre- 
sented by the Penrose-Carter conformal diagram of a two- 
dimensional t-y section (i.e., the section of constant an- 
gular coordinates x, (p). This section is, in fact, spanned 
by the PNDs ki and k2, cf. Eq. H2.5|l . A part of such a 
conformal diagram representing an exterior of the black 
hole is depicted in Fig. ^c). The conformal infinity T 
is indicated here by a double line. The outer horizons 
Tic, given by y = j/o, separate region II outside the black 
hole from an interior of the black hole, denoted as III.^ 



A more detailed structure of the interior of the black 
hole depends on whether the hole is charged or not, and 
its causal structure is analogous to the Schwarzschild or 
Reissner-Nordstrom black holes. Because we are mainly 
interested in region II near the infinity, we will not discuss 
the interior of the hole here. 

It seems to be more instructive to combine the t-y 
sections for different values of x into a unifying three- 
dimensional picture in which just the coordinate ip is 
suppressed, as it is done in Fig. ^a) . Despite the fact 
that this is not a complete and rigorous conformal di- 
agram, it helps to visualize and understand the global 
causal structure of the spacetime. The outer horizon Tio 
of the black hole is here indicated by two joined conical 
surfaces, and the conformal timelike infinity T is depicted 
as a deformed outer boundary. It has a "simple" topol- 
ogy R X S^ if we include "nonsmooth" points on the ip 
axis where the string is located. For a vanishing accel- 
eration the timelike infinity would be rotationally sym- 
metric around the vertical axis, and smooth everywhere. 
Its deformation ioi A indicates that the coordinates 
are adapted to the accelerated source (for an analogous 
discussion in the A > case see |23) and that there is 
a string (a conical singularity) on the ip axis. Particular 
surfaces 5 of a constant x, corresponding to the two- 
dimensional conformal diagram ^c), are also indicated. 
The section Ss with x = Xf corresponds to the axis from 
the "forward" pole of the black hole, the value a; = a;b to 
the axis from the opposite "backward" pole. In Fig.QJa) 
the conicity parameter C is chosen in such a way that 
the string is located only on the axis x = X{, and the 
conical singularity is indicated by nonsmooth embedding 
of the t, y = constant surface into the three-dimensional 
diagram, i.e., by a nonsmooth gluing of a; = constant sec- 
tions at Xf. Notice that since F > for 1/ < j/o, re- 
gion II near infinity T is everywhere static, and there 
are no Killing horizons which extend up to T [cf. also 
Eqs. (|5.6I) . 1)5. 7|l ]. We can thus interpret the spacetime 
as a universe having global anti-de Sitter-like infinity (ex- 
cept the nonsmoothness at the string) with the black hole 
moving "inside" it (in contrast to the case discussed be- 
low, where pairs of black holes "enter" and "exit" the 
spacetime "through" the infinity). 

The diagram ^b) is a deformed version of the dia- 
gram^a): gluing of the angular coordinate x is now done 
smoothly even on the axis where the string is located, and 
the top and the bottom of the diagram are "squeezed" 
to single points. The horizon Tio thus has a shape of 
two joined "drops" , and sections x — constant are de- 
formed accordingly. Here we can see that coordinates 
t, y, X, p used to construct this diagram are adapted to 
the source, not to the infinity — the horizon Tio is sym- 



starting with II, has been chosen to be consistent with the case 
of two black holes (cf. Figs. I4ll6l and with the C-metric with 
^ There is no region I in this case. The numbering of regions, A > I20I . 
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Figure 1: Spacetime outside a single accelerated black 
hole movin g in a n anti-de Sitter universe with accelera- 
tion A < A/3. Diagrams (a) and (b) depict a three- 
dimensional section ip — constant, diagram (c) is a conformal 
diagram of the t-y section, and diagram (d) shows relevant 
ranges of coordinates x and y. The diagrams focus on re- 
gion II between the outer black hole horizon Tlo {y = yo) and 
timelike infinity T, y = —x. Therefore, only a small part of 
an interior of the black hole near the horizon TLo is shown 
(region III). In diagram (a) the horizon Tio is represented by 
two conical surfaces which intersect on a bifurcation surface of 
the Killing vector dt (a continuation of cones inside the black 
hole to another asymptotic domain is not shown). The outer 
deformed boundary of domain II corresponds to infinity X. A 
particular section S given by j: = constant is shown, and the 
axes X = a^b and x = Xi are indicated. It is assumed in dia- 
gram (a) that the string causing acceleration of the black hole 
is located on the "forward" axis x = X{ and the corresponding 
conical singularity is represented by nonsmooth behavior at 
Ss (the edge at x = Xf). Diagram (b) is a deformation of dia- 
gram (a) in which both the top and the bottom of the diagram 
are squeezed to single points, and the longitudinal x direction 
is embedded smoothly at both axes. The black hole horizon 
TLa has thus a droplike shape, symmetrical around the vertical 
axis. Diagram (c) is the Penrose-Carter conformal diagram of 
the t-y section S {x,ip — constant). Both principal null direc- 
tions lie in this section. The precise shape of infinity I (double 
line) depends on the value of coordinate x, cf. Eq. 12.121 [and 
this dependence is the reason for the deformed shape of I in 
diagram (a)]. Lines t — constant, and y = constant (coincid- 
ing with r — constant in S) are drawn with labels oriented 
in the direction of an increasing coordinate. A small part of 
the interior of the black hole is indicated by the dark area at 
the left of the diagram. Finally, diagram (d) depicts the x-y 
section for relevant ranges of coordinates (shaded area). The 
infinity is again represented by the double line, and the hori- 
zon Tio is shown. The thick line x — constant corresponds 
to the t-y section of diagram (c), similarly the thick line 
t = constant in diagram (c) corresponds to the x-y section 
from diagram (d). 




Figure 2: Schematic diagrams of a part of spacetime outside 
accelerated black holes moving in an anti-de Sitter universe 
with acceleration A > A/3. Diagrams represent a three- 
dimensional section ip = constant. They depict a domain near 
one pair of black holes. However, they should continue period- 
ically in a vertical direction, featuring thus an infinite chain 
of pairs of black holes entering and later exiting the space- 
time through timelike infinity I. Only regions of spacetime 
outside the outer black hole horizons Ho are drawn. Interiors 
of black holes and continuations of the spacetime into other 
asymptotically anti-de Sitter universes (through the Einstein- 
Rosen bridge or through charged black hole) are hidden under 
the horizons Ho and not studied in the paper. The outer black 
hole horizons Ti.o are represented by droplike gray shapes anal- 
ogous to that of Fig. 0^b), the timelike infinity T is depicted 
as a deformed cylindrical boundary of the diagrams. Diagram 
(a) shows the Killing horizons outside the black holes: acceler- 
ation horizons Ha separating two black holes, and cosmologi- 
cal horizons Tic separating different pairs of black holes (only 
one pair of holes is drawn in the diagram). These horizons 
divide spacetime into several regions: static domains O and 
II, nonstatic domains I^ and I~, and domains inside the holes 
hidden under TLo- Diagram (b) indicates embedding of t-y sec- 
tions for different constant values of the coordinate x, which 
are spanned by principal null directions. Three qualitatively 
different sections Sa, Sb, and Sc are shown. Exact confor- 
mal diagrams corresponding to these sections can be found 
in Figs. Diagram (c) shows hypersurfaces u = constant 

which are generated by null geodesies along the principal null 
directions ki that are discussed in Appendix 1X1 



metric around the vertical axis in contrast to infinity X 
which is deformed in the direction of acceleration. Dia- 
gram ^b) is not so crucial in the present case of a single 
black hole but an analogous representation of the black 
hole horizon will be used in the case of two accelerated 
holes which we are going to discuss now. 



B. A pair of accelerated black holes 

A more complicated situation occurs when 
A > -y/— A/3, m ^ 0. For such large values of ac- 
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Figure 3: A qualitative x-y diagram in the case of large ac- 
celeration A > — A/3 (cf. Fig. H^d) for small acceleration) . 
The relevant domain of coordinates x and y is indicated by 
the shaded area. It is given by the coordinate x between 
the axes Xf and Xh, and the coordinate y between the infin- 
ity T, y — ~x, and the outer black hole horizon Tlo, y = J/o 
(the interior of black holes, y > yo, is not studied here). The 
infinity is represented by a double line, the horizons by hor- 
izontal lines. The t-y sections of constant x are represented 
by vertical lines. Three such typical sections Sa, Sb and Sc 
are shown. They are distinguished by the number of hori- 
zons which they intersect. These sections correspond to the 
conformal diagrams in Figs. ^oc.,-Boo,Coc are points at 

the infinity which belong to these three sections, respectively. 
They can be found also in Figs. 



celeration the metric (|2.1|) . (|2.2|) describes an infinite 
number of pairs of accelerated black holes in anti-de Sit- 
ter universe. In Fig. [51 representing a part of the section 
ip = constant, one pair of black holes is indicated by 
the (outer) horizons Tio which have droplike shapes 
analogous to the horizon in diagram ^b). The main 
difference from the previous case is that both black 
holes "simultaneously enter" the universe at infinity T, 
approach each other with an opposite deceleration until 
they stop, and start to move apart, again up to the 
infinity 2. The same situation repeats infinitely many 
times both in the past and in the future — the diagrams 
in Fig. 12 should be infinitely long, composed of parts 
isomorphic to the part shown there. In the following we 
study only one such part of the whole universe. Relevant 
ranges of coordinates x and y are drawn in Fig. |21 



Figure 4: Conformal diagram of the t-y section Sa in- 
tersecting both the horizons 7ia, Ti-c outside black holes 
(right), and its embedding into three-dimensional diagram 
ip — constant (left). Each of sections of constant x (and 
ip) with K £ (— j/c, 2;b] intersects all horizons and extends 
through the whole spacetime. Both three-dimensional and 
two-dimensional diagrams should continue periodically in the 
vertical direction. In the two-dimensional conformal diagram 
the infinity I is depicted by double lines. Section Sa intersects 
the infinity in a timelike surface belonging to domain To, cf. 
Fig. 1101 Cosmological horizons TCc, acceleration horizons Tla., 
and outer black hole horizons Ti.o are represented by diago- 
nal lines. Domains between the horizons are labeled as O, 
I*, II, and III, cf. Fig. |5Ja). Interiors of black holes are indi- 
cated only partially, by the dark area behind the horizon Tlo- 
Lines of coordinates t and y are shown with labels oriented 
in direction of an increasing coordinate. An area covered by 
one Robinson- Trautman coordinate map (coordinates u, r) is 
indicated by the shaded background. Without the loss of a 
typical behavior, the special section x = has been chosen 
for this diagram; other sections with x > —yc look qualita- 
tively the same, only with embedding not lying in the plane 
of symmetry of the three-dimensional diagram. 



celeration horizons Tia, and cosmological horizons Ti.c-'^ 
In contrast to the black hole horizons, spatial sections of 
these horizons are noncompact. The horizons are repre- 
sented by inclined planes in Fig.|2Ia) or as corresponding 
horizontal lines in Fig. |2| They separate static and non- 
static regions of the spacetime outside of the black holes: 
the domains O and II are static, whereas the domains 1+ 
and I^ are nonstatic. Regions II enclose the black holes, 



Clearly, both the global causal structure of the space- 
time and the algebraic structure are now more complex. 
The metric function F has two more zeros, j/a and 
which correspond to the two additional Killing horizons 
outside of the black holes. We shall refer to these as ac- 



The terms acceleration and cosmological horizons are rather ar- 
bitrary. Both horizons y = ys. and y = yc could act ually qualify 
for the name acceleration (Rindler) horizon, cf. I3d . For conve- 
nience, to distinguish them we use the name cosmological hori- 
zon for the horizon y = yc which separates domains containing 
different pairs of black holes, cf. Fig. I^a). 
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Figure 5: Conformal diagram of the t-y section Sb inter- 
secting only the horizons Ha outside black holes, and its em- 
bedding into three-dimensional diagram = constant. Such 
a section of constant x (and tp) with x G (— J/a, — 3/c) inter- 
sects all horizons except the cosmological ones. In contrast 
to section Sa of Fig. 0] section Sb does not extend through 
the whole spacetime, but it can be found near all pairs of 
black holes. The section still extends between both holes of a 
given pair. Section Sb intersects the infinity in two spacelike 
surfaces, one forming a future boundary of .Ss belonging to 
domain , the other forming a past boundary belonging to 
domain Xi- , cf. Fig. IIUI Notation for infinity, horizons, etc., 
is the same as in Fig. 0] The shaded area again indicates 
Robinson- Trautman coordinate patch. 

the regions O are "as far as possible away" from the black 
holes. Two black holes of a given pair are separated by 
the acceleration horizons Tia, and they are thus causally 
disconnected. Different pairs of black holes are separated 
by the cosmological horizons Tic- 

Fig. |2tb) shows the foliation of the spacetime by the 
t-y surfaces x = constant, the surfaces spanned by the 
PNDs. These are of three different types, namely Sa, 
Sb, and Sc- Classification of these types is seen from 
the x-y diagram in Fig. where the t-y sections are 
represented by vertical lines. These different types of 
t-y sections are distinguished by the number of horizons 
which they intersect. 

For X £ {—yc, Xh] the section denoted as Sa passes 
through all regions O, I, II (and regions inside black 
holes), and intersects all horizons He, Ha, Ho- Such a 
section corresponds to the conformal diagram drawn in 
Fig. ^ The intersection of such a section with the con- 
formal infinity X is timelike. We denote as Xq a part of 
the infinity with x € (—yc,X]^], i.e., the part which can 
be reached by the sections Sa, cf. also Fig. ^1 

The situation is different for section Sb of a constant 
X € (— 2/a, —yc) which goes only through regions I, II (and 
regions inside black holes), and does not intersect the 
horizon Tic- This section corresponds to the conformal 




Figure 6: Conformal diagram of the t-y section Sc not in- 
tersecting any horizons outside black holes, and its embed- 
ding into the three-dimensional diagram tp = constant. Such 
a section of constant x (and ip) with x £ [x{, — j/a) does not in- 
tersect cosmological and acceleration horizons. In contrast to 
section Sa of Fig. 0] section Sc does not extend through the 
whole spacetime, but it can be found near any black hole. Un- 
like section Sb from Fig. |S] it even does not extend between 
holes of a given pair of black holes. Section Sc intersects the 
infinity in a timelike surface which belongs to domain In of 
the conformal infinity, cf. Fig. 1101 Notation for infinity, hori- 
zons, etc., and the meaning of the shaded area are the same 
as in Fig. 2] 

diagram presented in Fig. [S] The intersection of such 
a section with infinity is spacelike, and consists of two 
disjoint parts, one in the future and another in the past 
of the section. A part of the infinity which can be reached 
in this way will be labeled as Ti+ and Xj- , respectively, 

cf. Fig. nni 

Finally, for x e [xf, — j/a) the section Sc of constant x 
extends only to the region II (and regions inside the black 
hole), and it does not intersect the horizons Tia and Tic- 
The conformal diagram of this type is given in Fig. 
Section Sc intersects the infinity in a timelike surface, 
and a part of the infinity which can be reached by these 
sections will be denoted by In, cf. also Fig.lTUI 

The above described three types of conformal diagrams 
depicted in Figs. 01 Elhave been drawn recently in 38] (to- 
gether with special limiting cases x = — j/c and x = — j/a 
which we do not discuss here). Their qualitative de- 
pendence on the value of coordinate x has been already 
noted there but not discussed in more details. Putting 
all these conformal diagrams together to the single three- 
dimensional picture shown in Fig. Elb) elucidates the 
character of this dependence. Moreover, it clarifies how 
the timelike infinity X can form a spacelike boundary of 
a conformal diagram as for section Sb , Fig. El — this 
spacelike boundary is the intersection of the two timelike 
hypersurfaces X and Sb ■ 



8 



In Fig. |2Ic) the surfaces u = constant are shown. 
These null surfaces are formed by null geodesies 
u, — constant tangent to PND (see Appendix El j and 
they indicate how the spacetime is covered by Robinson- 
Trautman coordinates. A surface of constant u reduces 
to a horizon Tia for u ^ —oo, and to a horizon Tio and 
Tic for u — oo. A connected domain covered by finite 
values of coordinate u is indicated in Figs. QHOl by the 
shaded background. Remaining parts of spacetime have 
to be covered by different patches of Robinson- Trautman 
coordinates defined analogously. The domain indicated 
in figures by a shaded background, covered by a single 
Robinson- Trautman map, thus reaches up to all types of 
infinity except to the part Ij- , which is, however, related 
to the part Xi+ by a simple time reversion. Therefore, 
we do not loose any substantial information using only 
this Robinson- Trautman coordinate map. 



III. GRAVITATIONAL AND 
ELECTROMAGNETIC FIELDS NEAR I 



Now we are prepared to discuss radiative properties 
of the C-metric fields near the timelike infinity T. As 
we have already mentioned in Sec. following 14], by 
radiative field we understand a field with the dominant 
component having the 1 /rj fall-off, calculated in a tetrad 
parallelly transported along a null geodesic z(??), rj be- 
ing the affine parameter. In the following we derive the 
characteristic directional pattern of radiation, i.e., the de- 
pendence of the radiative component of the fields on the 
direction along which a given point at the infinity is ap- 
proached. 

We start with a general null geodesies z{ri) approaching 
a fixed point at infinity X as r/ — s- +oo (or rj — > — oo). 
We observe that coordinates x, y, and u, C, as well as 
metric functions F, G, and P, are finite at the point 
N^, whereas the affine parameter rj and the Robinson- 
Trautman coordinate r go to infinity as the geodesic ap- 
proaches 2", cf. Sec. m We denote the limiting values 
on X of the coordinates and the metric functions by a 
subscript "so" . 

To obtain a more detailed description how is 
reached, we have to find the tangent vector of the 
geodesic, 

Dz 

— ^tdt + ydy + xdx+ifd^ . (3.1) 



respectively, for any null geodesic. Namely, we have 
E_ Ft J 

^ FP - F-'y^ + G-H^ + y ■ I 



2A'^{x + yY 



In addition, ^^ has a null norm 

' drj 



-Ft' + F-'y' + G-'x' + Gip' ^0 . (3.3) 
The above four equations imply 



i = EA^{x + yfF-\ y^eyA^{x + yf^jE^-QF 



JA^ix + yfG-\ x^e,A^{x + yfy/QG~J^ , 

(3.4) 

where ey,ea; = ±l are the signs of y and i, respec- 
tively. The components of the tangent vector in the 
Robinson- Trautman coordinates H2.7|l are thus given by 



r = -e^A^QG-.P - eyA^ E^ - QF 
I- (eyy/W~QFF-' + EF~^ 



V2r^'' 



(3.5) 



e^^/QG~PG-^ - iJG-^ 



We immediately observe that there exists a family of 
simple null geodesies r — AE, = — u, correspond- 
ing to the special choice of the constants J = = Q, 
ty — —sgnE. These lie in the planes x,ip — constant, 
cf. H3.4|l . and they are considered in Appendix 1X1 

Now, we notice that r remains finite at infinity X, 



r ^ -e,A^/QG~~P - eyA^/W~QFZ = J . (3.6) 
This means that r and rj are asymptotically proportional. 



r ^ ^r] . 



(3.7) 



We can thus easily obtain the asymptotie behavior of the 
above tangent vector by expanding expressions 1)3. 5|l in 
powers of l/?7 (assuming 7 7^ because the geodesic ap- 
proaches infinity). We get^ 



Dz 
drj 



^( 

7 77^ V 



r'^dr — cdr — cd? — ddu 



(3.8) 



As mentioned in |32l | , an explicit form of the tangent vec- 
tor can be obtained using specific geometrical properties 
of the C-metric 1)2. l|l . The presence of two Killing vec- 
tors dt, d^, and of one conformal Killing tensor Q (cf. 
Sec. mi implies that there exist three constants of mo- 
tion E 



a*-^, J = t?^-^,and 



1 r\( Dz. 



* Let us note here that the vector 8r = —Oq is "of the same or- 
der" as other coordinate vectors in the sense of expansion in 1/r, 
i.e., 9r ~ 9(; ~ du- More precisely, the vectors Oq, du, 
are regular at X in the sense of the tange nt s pace of the confor- 
mal manifold with metric 12.141 . cf. Ref. 
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with the constants c G C and d G R related to the con- 
served quantities E, J, Q by 

- e^^/QG^ - J^G-J - iJG~j) , (3.9) 

1 



ey^/W~QFZ + E 



d=- , 

-fAF^ 

These constants are not independent. In fact, they 
satisfy the normaUzation condition which in 

Robinson- Trautman coordinates asymptotically reads 
(recall Eqs. (ESJ and ^J^) 



2P~ 



cc - 



o 







(3.10) 



The expansion H3.8(l of the tangent vector corresponds 
to the asymptotic form of null geodesies ziji) near X given 
by Eq. (giZJ) and 



c = c + — 



d 



(3.11) 



The constants Coc , Uoa specify the position at X which par- 
ticular geodesic is approaching (or from which it is 
receding), whereas c, d represent the (spacetime) direc- 
tion along which is reached. The constant 7 fixes the 
affine parameter ry. From Eq. H3.7(l we see that if 7 > 
then r is growing and geodesies are approaching the infin- 
ity for rj +00 — we will denote these as outgoing. On 
the other hand, when 7 < then the geodesies approach 
X (r — > 00) as ?7 — > —00, i.e., the coordinate r is decreas- 
ing with a growing rj. The corresponding geodesies are 
ingoing: they "start" onX and recede from this into finite 
regions of the spacetime. 

Solving the normalization condition H3.10|l we obtain 



, 3 3 / A 2cc 

d + — = e— 4/1 TT 

A A V 3 P2 



(3.12) 



where e = ±1. For any given c there are thus two real 
values of d, according to the sign of e. In fact, the 
above parameter e identifies whether the geodesic is fu- 
ture or past oriented. To see this explicitly, let us con- 
sider the future-oriented timelike vector du near infinity 
(du • du = —F[ ~ jr^ < 0). The projection of tangent 
vector H3.8(l onto du is, using (|3.12(l . 



Dz 
dr] 



■ du 



'1 




(3.13) 



The geodesic is thus future or past oriented when e 7 > 
or e 7 < 0, respectively. Of course, it is physically natu- 
ral to restrict ourselves to future- oriented geodesies only. 
Without loss of generality we thus assume the identifica- 
tion 



Consequently, geodesies with e = -|-1 are outgoing (reach- 
ing T for rj — > -\-oo) whereas those with e = — 1 are ingo- 
ing (starting at X for rj —00). 

In order to find the radiative behavior of fields near T 
we have to set up an interpretation tetrad transported 
parallelly along a general asymptotic null geodesic, and 
project the Weyl tensor and the tensor of electromagnetic 
field onto this tetrad. In fact, in the following we will em- 
ploy several orthonormal and null tetrads which will be 
distinguished by specific labels in subscript. We denote 
the vectors of a generic orthonormal tetrad as t, q, r, s, 
where t is a unit timelike vector and the remaining three 
are spacelike. With this normalized tetrad we associate 
a null tetrad k, 1, m, m, 



such that 



is) 
k-l = 



l = ;^(t-q), 



1 , m • m = 1 



(3.15) 



(3.16) 



all other scalar products being zero. 

The Weyl tensor is parametrized by five standard com- 
plex coefficients ^'„, n = 0, 1, 2, 3, 4, defined as its specific 
components with respect to the above null tetrad, see 
Eq. (|B1|) . Similarly, the tensor of electromagnetic field 
is parametrized by n = 0,1,2, see Eq. (|lj2() . The 
well-known transformation properties of coefficients 
and under null rotations, boost, and spatial rotation 
of the tetrad are summarized in Appendix IbI 

To define a suitable interpretation tetrad kj, li, mi, iTii 
we need to specify either its initial condition inside the 
spacetime, or its final condition at timelike infinity X, in 
a comparable way for all geodesies approaching infinity 
along different directions. We consider geodesies which 
reach the same point A^^^ at X, and thus we prescribe the 
final condition there. We naturally require that the null 
vector ki is proportional to the tangent vector (|3.8|l of the 
asymptotic null geodesic (|3.11|) . 



ki 



e Dz 
7 dr] 



(3.17) 



sgn7 



(3.14) 



We wish to compare the radiation for all such null 
geodesies approaching the given point at X, and it is thus 
necessary to consider a unique and universal normaliza- 
tion of the affine parameter 77, and of the vector ki. A 
natural and also the most convenient choice is to keep the 
parameter 7 fixed — see an analogous discussion in ^2^ 
near Eqs. (5.6) and (5.9). In fact, this is equivalent to 
fixing the component p • n of the 4-momcntum p = 
at some large value of r, i.e. at given the proximity of 
the conformal infinity. 

Following a general framework introduced in |14|. the 
null vector li of the interpretation tetrad now can be fixed 
asymptotically by normalization H3.16|l and the require- 
ment that on X the vector n normal to the infinity belongs 
to ki-li plane. Obviously, the direction of li at a point 
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on X thus uniquely depends on the choice of the par- 
ticular null geodesic l|3.11|) approaching infinity, i.e., on 
the specific vector ki. Remaining vectors mi, mj cannot 
be prescribed canonically — there is a freedom in choice 
of their phase factor (a rotation in the transverse mi-mi 
plane). Therefore, we have to find such physical quanti- 
ties which are invariant under this freedom. Obviously, 
the moduli and |<i>„| of the fields at T are indepen- 
dent of the specific choice of the vectors mi, rrii. 

To derive the field components in the above-defined 
interpretation tetrad we start with the simple Robinson- 
Trautman null tetrad k^T, Irt, t^kt, itIrt (see, e.g., jsj) 
naturally adapted to the Robinson- Trautman coordi- 
nates 





dr , 


Irt 


-\Hdr 






HI = 


r ^ 






HIrt = 


r 



(3.18) 



Note that the vector k^T is oriented along the double 
degenerate principal null direction ki, cf. Eq. (|5.4I) . In 
this tetrad the only nontrivial components and 
which represent the gravitational and electromagnetic 
fields, are 



Q A J. 
^ ^RT 



■ Ar 



(3.19) 



1 2r2 ^ P ^ 



The interpretation tetrad ki, li,mi, mi can be obtained 
by performing two subsequent null rotations and a boost 
of this Robinson- Trautman null tetrad (|3.18|l . We first 
apply ijBSl), then (HHJ, and finally (jUl) of Appendix El 
with the parameters^ 



L 

B = e 



A cr 
6""P ' 



(3.20) 



$ = 



The resulting null tetrad, using relation H3.1()|l . then takes 



For the particular case of geodesies with c = see Appendix 1X1 



the following asymptotic form as — > ecx), 
1 



ki 
li 
mi 
mi 



C 



4 ' '"^^ 



/ Acd ^ / A\„ c„ 



777 



(-^) 



6 

Acd 



PI 
c 

PI 



a. 



(3.21) 

The above vector ki is indeed obviously tangent to 
a general asymptotic null geodesies (|3.11|l . and satisfies 
the condition H3.17|l . Moreover, the normal n to T, cf. 
Eq. (|2.1()|) . belongs to the plane spanned by the two null 
vectors ki and li, as required. 



77/ ki 



6 1 



6 ' ' ' V A 7 77 
Notice that the projection of ki on n is 



li 



ki • n : 



e 
777 



(3.22) 



(3.23) 



For outgoing geodesies (e ~ +1, 77 +00) we indeed 
obtain ki • n > 0, whereas for ingoing ones (e = — 1, 
77 —00) there is ki • n < 0. 

Therefore, the tetrad (|3.21() is exactly the interpreta- 
tion tetrad suitable for analysis of the behavior of fields 
close to infinity X. As seen above, the Lorentz trans- 
formations from the tetrad H3.18|l to (|3.21|) are given by 
two subsequent null rotations and the boost with the pa- 
rameters (|3.20|l . Starting with the components (|3.19|) 
in the Robinson- Trautman frame we thus obtain, using 
Eqs. (im, JbTO)| and HH), JbTTJ, the asymp- 

totic form of the leading terms of gravitational and elec- 
tromagnetic fields 



i-nPi 



e e 



A\l 



A\ 1 
A 



A 
6" 



Ac 
3%/2 



6 y 3%/2 



(3.24) 



where is the coordinate of the point related to 

the coordinates by Eq. H2.11|l . The other terms 

decrease faster in accordance with the well-known peeling 

behavior, which is a consequence of the boost contained 

in H3.22II that is infinite on 2, cf. [l^. Notice also that 

the square of <i>2 gives the modulus of the Poynting vec- 
I • 1 2 

tor, 47r|Si| « |$2 , defined in the interpretation tetrad 

I * I I ■ 1 2 

(|3.21l) . Interestingly, the dependence of 1^*4 1 and |<i>2| 
on the direction along which the point at infinity X 
is approached is exactly the same. 

Expressions <| 3.24ll are (formally) identical to 
Eqs. (6.16) of [23 in which radiation in the C-metric 
spacetime with A > was investigated. Interestingly 
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enough, one can also directly set A = 0. The directional 
dependence given by the parameters c and d vanishes in 
this limit (since li becomes independent of ki) and for- 
mulas (|3.24|l can be compared with the results obtained 
in classic work js^ (see also js^ij) for accelerated black 
holes in asymptotically flat spacetime. 

Nevertheless, the physical and geometrical meanings 
of Eqs. H3.24|l is very different now since new interesting 
and specific features occur for the A < case. The fol- 
lowing sections will be devoted to deeper description and 
analysis of the above result. 



IV. PARAMETRIZATIONS OF THE NULL 
DIRECTION AT I 

For a physical understanding of expressions H3.24|l . as 
well as for explicit demonstration of fundamental differ- 
ences between radiation generated by accelerated black 
holes in spacetimes with A > and A < 0, we intro- 
duce more convenient parametrizations of the direction 
kj along which the infinity T — now timelike — is ap- 
proached. To parametrize this radiation direction we 
first choose a suitable reference tetrad to, Qo, i"o, Sq on 
X which is orthonormal, adapted to the infinity, 



(4.1) 



and with to future oriented. Otherwise the tetrad can 
be chosen arbitrarily. A natural choice is to consider a 
tetrad closely related to the Robinson- Trautman tetrad 
(|3.18|) . namely. 



^r> — ^' o ; lo — \ jj IrT ; 

z \ tl 



mo = m„ 



(4.2) 



so that (cf. Eq. (EI3)) 



du = 


VH to , 








^(to + qo), 










9c = 





(4.3) 



The null direction kj can be obtained (up to normaliza- 
tion) from the above reference vector ko by a null rota- 
tion (jB6|l . and thus it can be parametrized by a complex 
parameter R as^ 



ki cx ko -t- i? nio -I- R nio -I- RR lo 



(4.4) 



The special case ki oc lo formally corresponds to R = oo. Here 
and in the following the symbol oc means a proportionality with 
a positive factor. Thanks to this convention we do not lose in- 
formation about the orientation of related vectors. 



Comparing this expression with Eq. H3.21|l we can relate 
R to the parameters c and d, 



c = -W P 



6 m 



R 



m 



(4.5) 



A 1 - 



Now we may rewrite the directional pattern 13.24|l in 
terms of the parameter R. First, recall that there is no 
canonical way how to choose the phase of the transverse 
null vectors nii, rrii. Therefore, invariant information in- 
dependent of a choice of the interpretation tetrad is con- 
tained only in the moduli of fields components. Substi- 
tuting relations (|4.5|) into expressions H3.24|l we obtain 



3A^{m + 2e^Ax^) \l- RiR\ \l - R2R\ 



{l-\R\ 



2\2 



\e\A 


\l-RiR\ 


1 - 






1 - 


l^l'l 





where 



Ri=0, R2 = \-^-r- 



A 

3 1 



(4.6) 



(4.7) 



We have introduced here not only i?2 but also a "su- 
perfluous" parameter i?i — 0. This is motivated by a 
general result |56| concerning an asymptotic structure of 
the fields when A < 0. In fact, the real parameters 
i?2 have an important physical meaning — they repre- 
sent double-degenerate principal null directions (PNDs) 
ki and k2 (cf. Eq. (12.51) 1 at the infinity I. Indeed, the 
specific complex parameter R representing a PND with 
respect to the reference tetrad has to satisfy quartic equa- 
tion ^'o = (see, e.g., [13), i.e., using Eq. (|57)l . 

i?**:^ + 4i?3*° + QRHI + 4i? *° + *° = . (4.8) 

This, in view of H4.2|l . HBlOp . and I3.19|l . asymptotically 
reduces exactly to 



{R~Rif{R~R2f 



(4.9) 



Therefore, the first double-degenerate PND ki is indeed 
given by i? = i?i , whereas the second one, k2 , is given by 
i? = i?2. 

Instead of using the complex parameter R for identifi- 
cation of the null direction ki we can introduce two real 
parameters with an obvious geometrical meaning. First, 
we perform a normalized projection of the null vector ki 
onto X, defining thus the unit timelike vector tb tangent 
to the infinity: 



tb 



ki - (ki • n) n 
|ki • n| 



(4.10) 
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Then tb represents the radiation direction along X corre- 
sponding to the null vector k; oc tb + e n. We can char- 
acterize tb (and thus ki) with respect to the reference 
tetrad as 

tb = cosh-0 to -I- sinh-0 (cos0 Tq -I- sin0 Sq) . (4.11) 

The parameters ?/;, are pseudo-spherical coordinates, 
ip G [0, cxd) corresponding to a boost, and 4> G [0, 27r) being 
an angle. Their geometric meaning is visualized in Fig.^l 
However, these parameters do not specify the null direc- 
tion kj uniquely — there always exists one ingoing and 
one outgoing null direction with the same parameters ^ 
and 4>, which are distinguished by e. 

Substituting Eq. H4.4|l into Eq. 1)4.10(1 and comparing 
with Eq. (|4.11|) we can express "0 and (f> in terms of R as 



tanh 



arg R 



(4.12) 



Rf cx 



Observing that the sign of the expression 1 
ki • n determines whether ki is ingoing or outgoing, i.e 



e = sgn(l - |i?|') , 
we can write down the inverse relations. 



(4.13) 



R 



tanh — exp(— i0) for ki outgoing (e = 
coth ^ exp(— z(/ 



for ki ingoing (e = — 1) 



and also the relations to the parameters c and d, 

A 



el 



(4.14) 



— d] — cosh ^ 
3 ' 



(4.15) 



Substituting from H4.15|l into H3.24|l we obtain 

\A\ (m + 2e'^Ax^) 
' ' 4 777 

X ji?^"'^ (1 -I- ecoshi/j) — esinh?/; exp(i(/))|^ , 

' ^' V 24 777 

X \R2^ (1 + ecosh^) — esinhip exp{i(jji)\ . 

(4.16) 

The dependence of the fields on the parameters "0 and 
is shown in Fig. |S1 

There exists yet another natural possibility how to 
characterize the null direction at the infinity. Instead 
of decomposing the propagation vector ki into the com- 
ponent normal to X and the transverse timelike vector tb 
tangent to I, we may alternatively consider its normal- 
ized spatial projection q^, where by the spatial projec- 
tion we mean a projection to a suitable three-dimensional 
space, say that orthogonal to to (see Fig.O. This spatial 
propagation vector 



ki + (ki • to) to 
|ki-to| 



(4.17) 




Figure 7: Parametrizations of a null direction at timelike 
infinity X. All null directions at a point N^a £ X can be char- 
acterized by a future oriented null vector k. According to 
their orientation e = sgn(k • n) with respect to T, these can 
be divided into outgoing and ingoing families — see, e.g., 
vectors k'""'' and k^'""' in the fi gure. (Special null directions 
tangent to X will not be discussed here.) The null direction 
is parametrized by a boost ip and an angle <j), or alternatively 
by spherical angles 8, (j)- These parametrizations are defined 
with respect to the reference tetrad to, q^. To, So. In the top 
diagram the vectors to , Qo , (where = cos (j)ro + sin So) 
are depicted, the remaining spatial direction is suppressed. 
In the bottom left diagram the timelike direction to is sup- 
pressed and all spatial directions are drawn. Finally, in the 
bottom right diagram the spatial direction q^^ = n normal to 
X is omitted. The parameters ip, <j) specify the normalized or- 
thogonal projection tb (Eq. M.lUl ') of the null vector k onto 
X by Eq. 14.111 . All possible tb form a two-dimensional hy- 
perboloid H drawn in the bottom right diagram. This hyper- 
boloid can be radially projected onto a two-dimensional disk 
tangent to the vertex of the hyperboloid given by to. The disk 
can be parametrized by radial coordinate p = tanhi/;, and an- 
gle (j). Alternatively, the null direction can be characterized 
by the normalized spatial projection q,. (Eq. 14.1711 ) of the null 
vector k into the 3-space orthogonal to to. The projection q^ 
can be parametrized by spherical angles 8, with respect to 
the reference tetrad, see Eq. 14.181 . All spatial projections q^ 
form a two-dimensional sphere S shown in the bottom left. 
This sphere can be orthogonally projected onto X, where it 
again forms a two-dimensional disk parametrized by p = sin 8, 
and 0, cf. Eq. (033 . 
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Figure 8: Possible directional patterns of radiation l)4.16|l [or, equivalently, l|4.6^ . H4.21^ ] which express the magnitude of the 
leading terms of gravitational or electromagnetic fields as a function of a direction from which the point at infinity I 
is approached. The corresponding outgoing (e = +1, small white spot) or ingoing (e = —1, black spot) null geodesic with a 
tangent vector k are parametrized by p = tanh and (j>, cf. Fig. Q The patterns (a) apply to points A^'^^ in which the double 
degenerate PND ki (white spot) is oriented outwards from the universe whereas k2 (black spot) inside it. The patterns (b) 
apply to points in which both the PNDs are outgoing. The pattern (b) would also apply for points where both PNDs are 
ingoing, only with exchanged words "ingoing" and "outgoing". The radiation completely vanishes along directions which are 
exactly mirrored of the PNDs, with respect to I. 



such that kicxto + qj., is naturally characterized by 
spherical angles 9 and (f> with respect to the spatial vec- 
tors Qo, To, So of the reference tetrad, namely 



Qj. — cos + sin 9 (cos (f> To + sin (p So) 



(4.18) 



Obviously, this is more convenient for a unified descrip- 
tion of both outgoing (e — +1) and ingoing (e = — 1) nuU 
geodesies. The former are parametrized by € [Oif'); 
the latter by 6 ^ (f iTt]- Comparing with the previous 
parametrizations of the null direction kj we obtain 



sin 9 — tanh = 



m_ 



cos 9 — e sech tjj — 
tanff — e sinh-i/j — 



l + \R\ 
2|fl| 

i-\Ri 



(4.19) 



The parameter p is used in Figs. 171 151 andlTTI The inverse 
relation 



R = tan - exp( 



(4.20) 



and analogous expression Eq. (|4.14|l , show that R is actu- 
ally a stereographic parametrization of Qj., and Lorentzian 
stereographic parametrization of tb. 

Expressing the fields (|4.16() using 9 and (j> we get 



|A| (m 




— sin 9 exp(iq 



(4.21) 



24 7?7 |cos 

1^2^' (1 



cos6') — sin0 exp(j(/))| . 

We have thus presented the directional radiation pat- 
tern at the anti-de Sitter infinity using three suitable 
parametrizations of the null direction along which the 
infinity is approached, namely, Eqs. (|4.6|l . H4.16|l . and 
(|4.21l) . The pattern is depicted in Fig. |S| Now we can 
proceed with its physical interpretation. 



V. ANALYSIS OF THE RADIATION PATTERN 

First, we observe that the radiation "blows up" for di- 
rections with \R\ = 1, i.e., -0 — > oo, 9 = 7r/2, p = 1- These 
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are null directions tangent to the infinity X, and thus they 
do not represent a direction of any outgoing or ingoing 
geodesic approaching the infinity from the "interior" of 
the spacetime. The reason for this divergent behavior of 
the radiation is purely kinematic: by imposing the "com- 
parable" final conditions for the interpretation tetrad (cf 
the discussion after Eq. H3.17|l ') we have fixed the pro- 
jection of the 4-momentum p cx ki onto the normal n. 
Clearly, this condition leads to an "infinite" rescaling of 
k; if ki is tangent to T, i.e., orthogonal to n. Such rescal- 
ing results in the above divergence of | ^4 1 and | $2 1 ■ 

This divergence at \R\ = 1 actually splits the radiation 
pattern into two components — the radiation pattern 
for outgoing geodesies, |i?| < 1, and to the pattern for 
ingoing geodesies, \R\ > 1, cf. (|4.13() . These two differ- 
ent patterns correspond to Eq. (|4.16|) with e = -1-1 and 
e — —l, respectively. They are depicted in Fig.|Slas sep- 
arate diagrams. 

From Eqs. (|4.6|) it can immediately be observed that 
radiation completely vanishes, | ^4 1 = = | *i>2 1 7 along 
specific null directions with R = R„^ satisfying 



or 



(5.1) 



In fact, the direction given by l/i?„, n = 1, 2 is the mir- 
rored reflection of the PND k„ with respect to X: using 
Eqs. H4.13|l . H4.14|l we find that both l/i?„ and i?„ cor- 
respond to the same — ipn (and = 0) but with the 
opposite e. The radiation thus vanishes along mirrored 
reflections of the PNDsJ 

In terms of pseudo-spherical parameters tp, we find, 
cf. also Eqs. (|4.1t)|) . that the radiation vanishes along 
outgoing (e = -1-1) null geodesies such that 



coth ^ = i?2 , 0m = 



or along ingoing (e = — 1) geodesies given by 
tanh = _Ri '0m = , or 



tanh = R2 , 



(5.2) 



(5.3) 



= 



Clearly, only one of the conditions H5.2() . (|5.3() involving 
i?2 can be satisfied for a given value of R2 ■ Therefore, fur- 
ther description of the radiation pattern necessarily de- 
pends on the specific algebraic structure of the spacetime 
at a given point at X, in particular on the orientation 
of PNDs. 

The PNDs have exphcit form, cf. Eqs. (|17|l . 



1 



ki cx ( to + Qo ) = ko oc ki, 



k2 oc 



l-i?2 



2 2i?2 

Qo + ^ rr 



^/2 V 1 + RV° l + Rl ° 



(5.4) 





Figure 9: When A < A/3, the C-metric represents a sin- 
gle, uniformly accelerated black hole. The region near infinity 
T is everywhere static. The first PND ki is oriented outside 
the universe, whereas the second one k2 points inside it. 



Using the relation H4.14II they can be parametrized as 



tanh 



^2 r i?2 for i?2 < 1 
2 ~ \ l/i?2 for i?2 > 1 



(5.5) 



By inspecting Eqs. (|5.4|l we observe that the first PND 
ki always points along the normal n = q^, i.e., outside 
the universe. However, for the second PND k2 there 
are distinct possibilities according to whether i?2 ^ 1- 
At points on T where i?2 < 1 the vector k2 is outgoing 
(e2 = +1), i-e., oriented outside the universe. In the re- 
gions where i?2 > 1 it is ingoing [t2 — oriented in- 
side the universe. At special points where i?2 = 1 the 
PND k2 oc (to To) has no component along n; it is tan- 
gent to X. 

Which of these three alternatives can occur depends on 
values of the parameters describing the spacetime. Be- 
fore we continue with a discussion of the different possi- 
bilities, let us note that the three possible regions of X 
with the distinct structure of PNDs exactly coincide with 
regions of different characters of the Killing vector field 
dt ■ Recalling (|2.12() , the value of the metric function F 
at a given point onX is = F\y=-Xaa- Considering 
Eqs. US, and (gTI) we obtain 



F^ 



1 



p2 



= (Rl-\)G^ 



(5.6) 



which demonstrates the relation between the structure of 
PNDs and the character of the spacetime near infinity. 
If i?2 < 1 then F^ < and the Killing vector dt near 
X is spacelike. If, instead, i?2 > 1 then > and 
dt is a timelike Killing vector field — the region near 
X is thus static. The above two domains of infinity are 
separated by the Killing horizon consisting of points for 
which i?2 = 1 , where the Killing vector is null. Note that 
the Killing horizons may indeed extend (for sufficiently 
large acceleration) to the conformal infinity, which is a 
specific property of anti-de Sitter C-metric. 



A. A single accelerated black hole 



''' In general, a mirrored reflection of the direction R is 1/R, but 
the PNDs Ri and R2 are real, see Eq. 14. 7i . 



We now discuss the case when the acceleration param- 
eter A is small, A < -y/— A/3. As explained in Sec. Ill Al 
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Figure 10: For large values oi A > A/3, the C-metric 
represents pairs of accelerated black holes. The conformal in- 
finity I shown on the left is divided by horizons Tic and Tin, 
into several distinct domains: To and In are static, whereas 
Ii+ and Xj- are nonstatic. Moreover, in the regions To (cor- 
responding to sections Sa) and In (corresponding to Sc) the 
PND ki is oriented outwards, whereas the PND k2 is oriented 
inwards. In Xj+ (sections Sb) both ki and k2 point outside 
the universe, in Xj- both the PNDs point inside it. 

the C-metric then describes a single uniformly acceler- 
ated black hole in an anti-de Sitter universe. Its global 
structure for a constant (p is visualized in Fig. ^ There 
are no Killing horizons extending to I (which would cor- 
respond to = 0, i.e., i?2 = 1) since using (|4.7I) . H2.10|l . 
and < G < 1 there is 

i?2 > Poo = > 1 , (5.7) 

for all a; e [x{, Xb] . Accordingly, the region near infinity X 
is everywhere static. We thus find that the first PND ki 
is always oriented outside, whereas the second one k2 is 
always oriented inside the universe, see H5.4|l and Fig. IHl 
The corresponding radiation pattern is shown in 
Fig.|Sfa). There exists just one direction along which the 
outgoing radiation (e = +1, \R\ < 1) vanishes, namely 
the direction i?ni — 1/^2- It is the mirrored reflection 
of the ingoing PND k2 (see the left part of Fig. |HIa)). 
In terms of pseudo-spherical parameters the direction is 
described by Eq. (|5.2|) . i.e., Vm = V'2 and 0ni = (^2 = 0, 
where V'2 — the boost parameter characterizing k2 — 
is given by Eq. (|5.5() . The radiation pattern for ingo- 
ing radiation (e — —1, \R\ > 1) is visualized in the right 
part of Fig. ISJa). Again, there exists just one direction 
of vanishing radiation given by i?„i = = 00 (i-e., 

1pm = ■01 = 0, cf. Eq. (|5.3(l ^. which is also the mirrored 
reflection of a PND, this time of the outgoing ki. 

B. A pair of accelerated black holes 

A more interesting but also more complicated situa- 
tion occurs when A > a/— A/3. In this case the C-metric 
represents pairs of uniformly accelerated black holes in 



an anti-de Sitter universe, as indicated in Figs. |2JE1 see 
Sec. Ill BI There are (outer) black-hole horizons Ho, ac- 
celeration horizons Tia, and cosmological horizons Tic, 
see Fig. |2Ia). At I, the horizons Ha and He can be 
identified by i?2 = 1- They separate various static and 
nonstatic regions of X, and simultaneously the domains 
of infinity with different structure of the PNDs, as shown 
in Fig. ^1 The vector ki is always oriented outside the 
universe. In the static domains of T where i?2 > 1, de- 
noted as To and lu, k2 is oriented inside it; see (|5.4|l . 
These domains of the infinity can be reached through the 
sections Sa and Sc, cf. Figs. ^ IHl On the other hand, 
in the domain where i?2 < 1, denoted as Xi+ (accessible 
through Sb, Fig.EJ, both PNDs are oriented outside the 
spacetime. 

In each of these regions the radiation pattern (|4.16|l is 
thus different. In particular, it admits a different num- 
ber of directions along which the radiation vanishes. Re- 
calling that the radiation vanishes along mirrored refiec- 
tions of PNDs, we see that in the static regions Tq and 
2 II there is just one outgoing (e = -1-1) direction along 
which the radiation vanishes, as in the previous case of 
a single black hole. This is the mirrored reflection of k2, 

Rm = I/R2 {ipm = 1p2, 0m = 02 = 0, cf. Eq. The 

corresponding directional pattern is again given by the 
left part of Fig. (S^a). However, in the nonstatic region 
Ii+ there is no outgoing direction along which the radia- 
tion vanishes because mirrored reflections of both PNDs 
are ingoing. In other words, the condition l|5.2|l cannot 
be satisfled because i?2 < 1. The radiation pattern for 
outgoing directions for this case is shown in the left part 
of Fig.|i;b). 

Of course, the number of null directions with vanishing 
radiation in the pattern for ingoing geodesies (e = — 1) is 
complementary. In the domains Xq and Tu with i?2 > 1 
there is again just one zero, now given by the mirrored re- 
flection of ki (i?i„ = oo, -0111 = 01 =0); see the right part 
of Fig.lHfa). On the other hand, in the domain Ti+ there 
are exactly two zeros for ingoing radiation given by mir- 
rored reflections of both PNDs (i?in = oo, ■0m = 0, and 
i?ni = l/i?2, ■0m = ■02, 0m = 0, cf. Eq. (|5.3() ) as shown in 
the right part of Fig. |HIb). 

In addition, there is also another domain with i?2 < 1, 
namely the domain Xj- ; see Fig. ^] Here both PNDs 
are oriented inside the spacetime. However, the region 
I~ of the spacetime and its inflnity Xj- are not covered 
by the same map of Robinson- Trautman coordinates as 
that used above. We have to introduce another "time- 
reversed" map to cover the white domain in Fig.El Still, 
the directions of vanishing radiation are given by mir- 
rored directions of the PNDs at the infinity, similarly to 
the cases discussed above. The mirrored directions of the 
PNDs arc both outgoing so that the radiation pattern for 
outgoing geodesies contains two zeros (cf. the right part 
of Fig. IHtb)), whereas the pattern for ingoing geodesies 
does not have any zero directions, cf. the left part of 
Fig.EIb). 

To summarize, the directional patterns of outgoing 
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radiation (Eqs. H4.16|) with e = +1, or Eqs. H4.6|l with 
\R\ < 1) in the domains Xq, ^i-, and Tu of the 

conformal infinity are given by the left (a), left (b), 
right (b), and left (a) parts of Fig. |S1 respectively. For 
ingoing radiation (Eqs. (|4.16() with e = — 1, or Eqs. (|4.6() 
with \R\ > 1) these are given by the right (a), right (b), 
left (b), and right (a) parts of Fig. |S1 respectively. 



C. Vanishing acceleration 

Finally, we briefly describe the character of radia- 
tion when the acceleration vanishes, in which case the 
spacetime describes a single nonaccelerating black hole 
in an anti-de Sitter universe ( "Reissner-Nordstrom-anti- 
de Sitter solution" ) . It is thus spherically symmetric 
with surfaces t,y = constant being the orbits of the ro- 
tational group, and radial directions being contained in 
sections x,ip ~ constant. From A = it follows i?,2 = oo, 
cf. Eq. H4.7|l . and the above general expressions simplify. 
In particular for A = not only k^T c>c ki cx -^(to + ^0)1 

but also Irt oc k2 cx -^(to — Qo) is a PND, see Eq. H5.4|l : 

this is consistent with relations H3.19|l in which only 
the components \E'|'^ and remain nonvanishing. At 
the infinity X the PNDs are mutually mirrored reflec- 
tions, ki oriented outside the universe and k2 inside 
it, parametrized by -01 = = '!/'2, see Eqs. (15.411 . H4.12|l . 
Both the PNDs point in radial directions of the spherical 
symmetry. Moreover, since i?2 > 1, it follows from rela- 
tion (|5.6|l that the region near T is always static, without 
the Killing horizon extending there. 

For vanishing acceleration the expressions H4.16|) and 
(|4.21|) reduce to 



lAI m . , 9 , lAI m 9 „ 
V — sinh^ i> = -ir — tan^ Q , 
4 777 4 777 

\\-7r7 sinhV' = \1-7r7 |tan( 
V 24 777 V 24 777' 



(5.. 



The corresponding directional pattern of radiation, 
shown in Fig. 1111 is axially symmetric and independent 
of e, i.e., it is the same both for ingoing and outgoing 
null geodesies. Interestingly, even for a nonaccelerated 
black hole there is thus radiation on X along any nonra- 
dial null direction, i.e., except for -0 = 0, e = ±1, which 
corresponds to both PNDs. This may seem quite sur- 
prising since the region near infinity is static. It is a 
completely new specific feature: for A > a generic, non- 
radial observer near X+ would also detect radiation gen- 
erated by nonaccelerated black holes [23 , but the region 
near infinity is nonstatic. In asymptotically flat space- 
times (A = 0) there is no radiation on X+ from black 
holes with A — Q 32], which, remarkably, also follows 
from expression (|3.24|) . 




ki,k2 




k outgoing {€=+1 ) k ingoing = 

ki outgoing (ei=-|-l), '(/'i=0 
ka ingoing (e2 = — 1), '\p2 = 



Figure 11: The directional patterns of outgoing/ingoing ra- 
diation are the same and axially symmetric when A = Q. In 
such a case the PNDs ki and k2 are mutual mirror images 
under reflection with respect to X. Therefore, there is ex- 
actly one direction given by -0 = along which the radiation 
vanishes, both for outgoing and ingoing null geodesies. 



VI. SUMMARY 

It was observed already in the 1960s by Penrose 
10, 0, ^3 that radiation is defined "less invariantly" 
in spacetimes with a non-null X. Recently we have ana- 
lyzed the C-metric solution with A > ^(J| and found an 
explicit directional pattern of radiation. This fully char- 
acterizes the radiation from uniformly accelerated black 
holes near the de Sitter-like conformal infinity I"*" , which 
has a spacelike character. Here we have completed the 
picture by investigating the radiative properties of the C- 
metric with a negative cosmological constant. This exact 
solution of the Einstein-Maxwell equations with A < 
represents a spacetime in which the radiation is generated 
either by a (possibly charged) single black hole or pairs 
of black holes uniformly accelerated in an anti-de Sitter 
universe. 

We have analyzed the asymptotic behavior of the grav- 
itational and electromagnetic fields near the conformal 
infinity X, which has a timelike character. The leading 
components of the fields have been expressed in a suit- 
able parallelly transported interpretation tetrad. These 
components are inversely proportional to the affine pa- 
rameter of the corresponding null geodesic. In addition, 
an explicit formula (|4.16|) [or, equivalently, Eqs. H4.6|l and 
(|4.21|) ] which describes the directional pattern of radia- 
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tion has been derived: it expresses the dependence of the 
field magnitudes on spacetime directions from which a 
given point at infinity I is approached. This specific 
directional characteristic supplements the peeling prop- 
erty, completing thus the asymptotic behavior of gravi- 
tational and electromagnetic fields near infinity I with a 
timelike character. 

We have demonstrated that the situation is much more 
complicated in the anti-de Sitter case than in the case 
A > 0. The new specific feature is that timelike confor- 
mal infinity X is, in general, divided by Killing horizons 
into several static and nonstatic regions with a different 
structure of (double degenerate) principal null directions. 
In these distinct domains of infinity the directional pat- 
terns of radiation differ. For example, there are different 
numbers of geometrically privileged directions (namely 
one, two, or none) in which the radiation vanishes com- 
pletely. These exactly correspond to mirrored directions 
of principal null direction, with respect to X. Accord- 
ingly, there exists an asymmetry between outgoing and 
ingoing radiation patterns in all the domains. 

As in the A > case it seems plausible that a 
general structure of the radiation pattern at conformal 
infinity depends only on the PNDs there, i.e., it is given 
by the algebraic (Petrov) type of the spacetime. This 
hypothesis will be proven elsewhere jH^ . 
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Appendix A: RADIATION ALONG SOME 
PARTICULAR NULL GEODESICS 

Here we concentrate on a geometrically privileged fam- 
ily of special geodesies which asymptotically take the 
form Eq. (|XTT)l with c = 0. It follows from (jXlH) that 
this corresponds either to outgoing null geodesies with 
d = or ingoing ones with d = —6/ A. 

In fact, the geodesies c = = d are exact null geodesies 



constant 



constant 



(Al) 



in the whole spacetime, with r being their affine parame- 
ter. They approach infinity X along the (double degener- 
ate) principal null direction k^T = dr , which is character- 
ized by the parameter V' = 0, sec Eq. H4.15|l (or by = 0). 
It can be shown that the Robinson- Trautman tetrad 
(|3.18(l is parallelly transported along these geodesies. 



kp,T • VkjjT — , kpjT ■ Vlfj 







= 0, 
(A2) 



and it is also invariant under a shift along the Killing 
vector dt, i.e., ^e^knT = 0, £9^^ = 0, £0^111^^ = 0, 
respecting thus a symmetry of the spacetime. Conse- 
quently, we can naturally set the interpretation tetrad 
(ki, li, nii, nii) = (knT, Irt, kIrt, iSIrt) in the whole 
spacetime, not only asymptotically near X, as in (|3.21|l 
for c = 0, d = 0. As follows from Eqs. H3.19|) . all com- 
ponents of gravitational and electromagnetic fields are 
explicitly given by 



^'4 = — y I m 



1 



2e^Ax 

r / r 

= ^ m + 2 e^A x - - 



^/2P 



(A3) 



^,^^ = -[m + 2e'Ax~'-)^, - - , 



and 



V2P 



e 1_ 
2 ^ 



$0 = 



(A4) 



Clearly, the leading terms in the 1/r expansion give 
the previous general asymptotical results (|3.24|) with 
c = = d. In the case of anti-de Sitter spacetime (m = 0, 
e = 0) the field components obviously identically vanish. 
In the general case the fields have a radiative character 
(^ 1/r) except for a vanishing acceleration A and/or for 
P = 00. The interesting "static" limiting case A = has 
been already discussed in Sec. IV CI The case P = 00 cor- 
responds to observers located at the privileged position 
where G = 0, i.e., on the axes x = xt, and x = xi where 
the strings/struts are locahzed. This is analogous to the 
situation when A > |2^, and an electromagnetic field 
of accelerated test charges in flat spacetime: this is also 
not radiative along the axis of symmetry, which is the 
direction of acceleration. 

Let us also recall (see JOj) that the affine parameter r 
coincides both with the luminosity and the parallax dis- 
tance for the congruence of the above null geodesies. The 
radiative 1/r fall-off of the fields is naturally measurable 
(even locally) by observers moving radially to infinity, 
using both the luminosity and the parallax methods for 
determining the distance. 

Concerning the other special family of ingoing null 
geodesies, c = 0, d = —6/ A, e = —1, it can be observed 
that the transformation given by (|3.20() becomes singular 
and 13.21|l is not thus justified. However, from Eqs. (|3.8|l . 
(|TT7I) . and (|TTH|) . with the condition for fixing Ij, 

it follows that in this case 



ki « ^ (r^dr + ^d^. 



6 1 



-^2 jy2 \^ ' A 

6 6 



A 7^77- 



■ Irt ; 



(A5) 



which — somewhat surprisingly — fully agrees with ex- 
pressions (|3.21|l for the special case c = 0, d = —6/A. 
Thus the interpretation tetrad along these geodesies is 
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equivalent to the tetrad (|3.21() along the PND given 
by c — 0, d = (which itself agrees with the Robinson- 
Trautman tetrad (|3.18|l ') after interchanging kj ^ Ij 
and mi ^ —mi, accompanied by a boost (|B9|I with 
B — — 6/(Ar^). Components of the gravitational and 
electromagnetic fields can thus easily be obtained from 
((X3|) . IIA4p . In particular, it follows that V&ji « w 
*2 ^ V^^i *i ~ ^"''i *o ^7"^; and <i>^ « 0, ^\ ^ 7/"^, 
<i>g ^ rj^^. Obviously, the radiative parts of the fields 
vanish along these special ingoing geodesies, which agrees 
with the expression ip-^a = in (|5.3|l . cf. H4.15|l . Indeed, 
this direction is just the reflection of the PND ki. 



Under a null rotation with 1 fixed, K 

k = ko + Krao + Km^ + KK\o , 

1 = lo , (B6) 

m = mo + K\o , 

*2 = ^^*4 + 2A' ■^l + -^°2, (B7) 



Appendix B: TRANSFORMATIONS OF THE 
COMPONENTS AND 

The Weyl tensor can be parametrized by five standard 
complex coefficients defined as components with respect 
to a null tetrad (see, e.g., [sj): 



*0 = 




*1 = 




*2 = 




*3 = 




*4 = 





k" m'' k'^ m'' 
k" 1^ k'' m* , 
k" m^ r m* , 
r k'' F m^ , 
r m'' F m^ . 



(Bl) 



^-2 = *2 • 



1>o. 



(B8) 



Under a boost in the k-1 plane and a spatial rotation in 
the m-m plane given by 



Similarly, the tensor of electromagnetic field is 
parametrized as 



$o-F„;3k" m'^ , 

$i = iF„;5 (k"l''-m"m'^) , 



(B2) 



' Q/3 



a ,/3 



m" \ 



These transform in a well-known way under the following 
particular Lorentz transformations. For a null rotation 
with k fixed, L € C, 



k = Bko, l = B-Mo, 
m = exp(i$) mo , 



(B9) 



i?, $ G M, the components and $„ transform as 



k — ko , 
1 = lo + Lmo 
m = mo + ikn 



*i = 

*2- 
*3 = 
4-. 



Lnin + LLkn 



3,TrO 



3 ' 



(B3) 



(B4) 



(B5) 



*i = 

*2 = 
*3 = 

= 



*0 

$9 



exp(2i$) , 
B exp(i$) , 

*2, 

B-^ exp(-i$) ^° , 
B-^ exp(-2i$) ^-l^ , 

B exp{i^) , 

exp(-«$) $^ . 



(BIO) 



(Bll) 
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